Abstract. First I will explain my motivation to introduce the δ-invariants for Riemannian manifolds. I will also recall the notions of ideal immersions and best ways of living. Then I will present a few of the many applications of δ-invariants to several areas in mathematics. Finally, I will present two optimal inequalities involving δ-invariants for Lagrangian submanifolds obtained very recently in joint papers with F. Dillen, J. Van der Veken and L. Vrancken.
Why introduced δ-invariants ?
In this section I will explain my motivation to introduce the δ-invariants.
1.1. Nash's embedding theorem. In 1956, John F. Nash (1928 -) proved in [20] the following famous embedding theorem. Theorem 1.1. Every Riemannian n-manifold can be isometrically embedded in a Euclidean m-space E m with m = n 2 (n + 1)(3n + 11). For example, Nash's theorem implies that every 3-dimensional Riemannian manifold can be isometrically embedded in E 120 with codimension 117. The embedding problem had been around since Bernhard Riemann (1826-1866) and was posed explicitly by Ludwig Schläfli (1814-1895) in the 1870s. The problem has evolved naturally from a progression of other questions that had been posed and partly answered beginning in the middle of 19th century via the work of Jean F. Frenet (1816-1900), Joseph A. Serret (1819-1885), Louis S. X. Aoust (1814-1885); and then by Maurice Janet andÉlie Cartan (1869 Cartan ( -1951 2010 Mathematics Subject Classification. Primary 52-02, 53A07; Secondary 35P15, 53B21, 53C40, 92K99.
1) For general references of this article, see [4, 7, 8] .
" What is lacking in the Nash theorem is the control of the extrinsic quantities in relation to the intrinsic quantities."
In other words, another main difficulty to apply Nash's theorem is:
"There do not exist general optimal relationships between the known intrinsic invariants and the main extrinsic invariants for arbitrary Riemannian submanifolds of Euclidean spaces."
Obstructions to minimal immersions.
Since there are no obstructions to isometric embeddings according to Nash's theorem, in order to study isometric embedding (or more generally, immersion) problems, it is natural to impose some suitable conditions on immersions.
For example, if one imposes the minimality condition it leads to the following problem proposed by Shiing-Shen Chern during the 1960s.
Problem 1: What are necessary conditions for a Riemannian manifold to admit a minimal isometric immersion into a Euclidean space ?
The equation of Gauss states that the Riemann curvature tensor R and the second fundamental form h of a Riemannian submanifold in a Euclidean space satisfy
R(X, Y ; Z, W ) = h(X, W ), h(Y, Z) − h(X, Z), h(Y, W ) .
It follows immediately from the equation of Gauss that a necessary condition for a Riemannian manifold to admit a minimal immersion in any Euclidean space is Ric 0, (in particular, τ 0),
where Ric and τ are the Ricci and scalar curvatures of the submanifold. For many years, before the invention of δ-invariants, this was the only known Riemannian obstruction for a general Riemannian manifold to admit a minimal immersion into a Euclidean space with arbitrary codimension.
Obstructions to Lagrangian immersions.
where J and g are the complex structure and the Kähler metric ofM .
A result of Gromov states that a compact n-manifold M admits a Lagrangian immersion into the complex Euclidean n-space C n if and only if the complexification T M ⊗ C of the tangent bundle of M is trivial [17] . Gromov's result implies that there are no topological obstructions to Lagrangian immersions for compact 3-manifolds in C 3 , because the tangent bundle of every 3-manifold is trivial. On the other hand, if one imposes isometrical condition to the Lagrangian immersion problem, it leads to the following.
Problem 2:
What are the Riemannian obstructions to Lagrangian isometric immersions of Riemannian n-manifolds into C n ?
1.5. What do we need to do to overcome the difficulties ? We ask the following two basic questions:
(1) What do we need to do to overcome the difficulties mentioned above ?
(in order to apply Nash's embedding theorem)
(2) How can we solve Problems 1 and 2 concerning minimal and Lagrangian immersions ?
1.6. My answers. My answers to these two basic questions are the following.
(a) We need to introduce new type of Riemannian invariants, different in nature, from the " classical " Riemannian invariants; namely, from scalar and Ricci curvatures (which have been studied extensively for more than 150 years since Riemann).
(b) We also need to establish general optimal relationships between the main extrinsic invariants of the submanifolds and the new type of intrinsic invariants.
1.7. My motivation. These considerations provided me the motivation to introduce δ-invariants for Riemannian manifolds during the 1990s.
How I defined δ-invariants
Let M be a Riemannian n-manifold and K(π) denotes the sectional curvature of a plane section π ⊂ T p M, p ∈ M. For an orthonormal basis {e 1 , . . . , e n } of T p M , the scalar curvature τ at p is given by
Let L be a subspace of T p M of dimension r 2 and let {e 1 , . . . , e r } be an orthonormal basis of L. The scalar curvature τ (L) of L is defined by
2.1. The set S(n). For a given integer n 2, denote by S(n) the finite set consisting of all k-tuples (n 1 , . . . , n k ) of integers 2 n 1 , . . . , n k n − 1 with n 1 + · · · + n k n, where k is a non-negative integer.
In number theory and combinatorics, a partition of a positive integer n is a way of writing n as a sum of positive integers. The cardinal number #S(n) of S(n) is equal to p(n) − 1, where p(n) is the number of partitions of n. 
Definition of δ-invariants.
For each given k-tuple (n 1 , . . . , n k ) ∈ S(n), I defined the δ-invariant δ(n 1 , . . . , n k ) by
Remark 2.1. The non-trivial δ-invariants are very different in nature from the "classical" scalar and Ricci curvatures; simply due to the fact that both scalar and Ricci curvatures are the "total sum" of sectional curvatures on a Riemannian manifold. In contrast, the non-trivial δ-invariants are obtained from the scalar curvature by throwing away a certain amount of sectional curvatures. Consequently, the non-trivial δ-invariants are very weak intrinsic invariants.
Borrowing a term from biology, δ-invariants are DNA of Riemannian manifolds. Results in later sections illustrate that all of our δ-invariants do affect directly the behavior of Riemannian manifolds.
Remark 2.2. Some other invariants of similar nature, i.e., intrinsic invariants obtained from scalar curvature by throwing away certain amount of sectional curvature, are also called δ-invariants. For instance, we also have affine δ-invariants, Kählerian δ-invariants, submersion δ-invariants, contact δ-invariants, etc. Such δ-invariants were introduced while we investigated some special families of manifolds.
What can we do with δ-invariants ?
To apply Nash's embedding theorem, we ask the following most fundamental question in the theory of Riemannian submanifolds.
Fundamental Question: What can we conclude from an arbitrary isometric immersion of a Riemannian manifold in a Euclidean space with any codimension ?
That is, " ∀ arbitrary isometric immersion φ :
Or, more generally, What can we conclude from an arbitrary isometric immersion between Riemannian manifolds ?
That is, " ∀ arbitrary isometric immersion φ : M →M =⇒ ??? " For so many years since then, the only known solutions to the Fundamental Question were the equations of Gauss, Codazzi and Ricci, as we already said earlier.
3.1.
A new general solution to Fundamental Question. By applying the δ-invariants, we are able to provide the following new optimal general solution to the Fundamental Question.
Theorem 3.1. For any isometric immersion of a Riemannian n-manifold M into another Riemannian manifoldM , we have
, where H 2 denotes the squared mean curvature and maxK(p) is the maximum of sectional curvatures ofM restricted to 2-plane sections of T p M .
The equality case of inequality (3.1) holds at a point p ∈ M if and only if the following two conditions hold:
(a) there exists an orthonormal basis {e 1 , . . . , e m } of T p M such that the shape operator A at p takes the form:
where I is an identity matrix and A r j is a symmetric n j × n j submatrix satisfying trace (A
at p, we haveK(e αi , e αj ) = maxK(p) for any α i ∈ ∆ i , α j ∈ ∆ j with 1 i = j k + 1, where ∆ 1 , . . . , ∆ k+1 are given by
When the ambient spaceM is a Euclidean space, Theorem 3.1 becomes Theorem 3.2. For any isometric immersion of a Riemannian n-manifold M into a Euclidean space with arbitrary codimension, we have
The equality case of (3.4) holds at p ∈ M if and only if there is an orthonormal basis {e 1 , . . . , e m } of T p M such that the shape operator A at p takes the form:
where I is an identity matrix and A r j is a symmetric n j ×n j submatrix which satisfy trace (A r j ) = µ r for j = 1, . . . , k. Remark 3.2. For each (n 1 , . . . , n k ) ∈ S(n), inequality (3.4) is optimal, since there exists a non-minimal submanifold satisfying the equality case.
Remark 3.3. Due to the well-known fact that the mean curvature vector field of an isometric immersion is exactly the tension field, Theorem 3.2 shows that the amount of tension a submanifold receives at each point from its ambient space is predominated below by its δ-invariants. Consequently, each δ-invariant does affect directly the behavior of Riemannian manifolds. Theorem 3.2 implies immediately the following.
Corollary 3.1. For every isometric immersion of a Riemannian n-manifold into a Euclidean space with arbitrary codimension, we have
where∆ 0 := max{∆(n 1 , . . . , n k ) : (n 1 , . . . , n k ) ∈ S(n)} is the maximal normalized δ-invariant.
3.2. Maximum principle. In general, there do not exist direct relationships between δ-invariants. On the other hand, we have the following maximum principle, which follows immediately from Theorem 3.2.
Maximum Principle. If an n-dimensional submanifold M of a Euclidean space satisfies the equality case of (3.4) for some k-tuple (n 1 , . . . , n k ) ∈ S(n), i.e.,
then for every (m 1 , . . . , m j ) ∈ S(n) and any j we have
Ideal immersions and best ways of living
What is a "nice immersion" of a Riemannian manifold ? In my opinion, it is an isometric immersion which produces the least possible amount of tension at each point. For this reason I introduced the notion of ideal immersions in the 1990s. The Maximum Principle yields the following important fact.
Theorem 4.1. If an isometric immersion of a Riemannian n-manifold M in a Euclidean space satisfies H 2 = ∆(n 1 , . . . , n k ) identically for a k-tuple (n 1 , . . . , n k ) in S(n), then it is an ideal immersion automatically.
Remark 4.1. Theorem 3.2 implies that ideal submanifolds are those which receive the least amount of tension at each point.
In the following, by a best world we mean a Riemannian space with the highest degree of homogeneity. Remark 4.3. It follows from Definition 4.2 that a best way of living is a very comfortable way of living in a wonderful world which allows maximal degree of freedom (living in a best world), it preserves shape (isometric, no stretching), without self-cutting (embedding). Furthermore it receives the least possible amount of tension at each point from the outside world (ideal).
Some applications of δ-invariants
In this section we provide some of the many applications of δ-invariants. Many more applications can be found in my 2011 book [8] .
Applications to minimal immersions. δ-invariants have many applications to minimal immersions. As an immediate application of Theorem 3.2, we have the following solution to Problem 1 concerning Riemannian obstructions to minimal immersions.
Theorem 5.1. Let M be a Riemannian n-manifold. If there exist a point p and a k-tuple (n 1 , . . . , n k ) ∈ S(n) with δ(n 1 , . . . , n k )(p) > 0, then M never admits a minimal immersion into any Riemannian manifold with non-positive sectional curvature. In particular, M never admits a minimal immersion into any Euclidean space for any codimension.
Applications to spectral theory. By applying Theorem 3.2 and Nash's embedding theorem, we discovered the following intrinsic result.
Theorem 5.2. Let M be a compact irreducible homogeneous Riemannian nmanifold. Then the first nonzero eigenvalue λ 1 of the Laplacian ∆ satisfies λ 1 n ∆(n 1 , . . . , n k ) (5.1) for every k-tuple (n 1 , . . . , n k ) ∈ S(n). If k = 0, then (5.1) reduces to the following well-known result of Tadashi Nagano (1930 -) obtained in [19] :
is the normalized scalar curvature. Corollary 5.1. For every compact irreducible homogeneous Riemannian nmanifold, we have λ 1 n∆ 0 .
Who can live in the wonderland of best livings?
Ordinary spheres in Euclidean spaces are the simplest examples of best ways of living. Besides spheres there are many other homogeneous spaces which admit best ways of living in some Euclidean spaces. For instance, the following three compact homogeneous spaces: 
then it never admits a best way of living in any Euclidean space. 5.5. Applications to rigidity theory: Uniqueness problem. If a Riemannian manifold admits a best way of living in a best world and if it is unique, it gives a rigidity theorem. Otherwise, it admits multiple ways of best living (lucky one !).
For instance, by applying δ-invariants we proved the following rigidity results. Theorem 5.6. Let M be an open part of E n1−1 × S n−n1+1 (1) . Then for every isometric immersion of M in E m with arbitrary codimension we have
The equality case of (5.5) holds if and only if M is immersed as an open part of a spherical hypercylinder
Remark 5.1. Rigidity results discovered in this way are quite different from usual rigidity results, e.g. rigidity in the sense of Aleksandr D. Aleksandrov . Because rigidity theorems via ideal immersions do not require any assumption on topology or codimension of the submanifolds. On the other hand, (almost) all other rigidity results do require global conditions as well as assumptions of very small codimension (e.g. in the theory of convex surfacesà la Aleksandrov).
5.6. Applications to warped products. An application of δ-invariants to warped products is to obtain the following sharp result.
Theorem 5.7. For every isometric immersion φ : N 1 × f N 2 →M of a warped product N 1 × f N 2 into any Riemannian manifoldM , the warping function satisfies
where ∆ is the Laplacian on N 1 .
This theorem has many immediate consequences. E.g., it yields the following. (1) N 1 × f N 2 never admits minimal immersion into any Riemannian manifold of negative sectional curvature; (2) every minimal immersion of N 1 × f N 2 into any Euclidean space is a warped product immersion regardless of codimension.
is an eigenfunction of ∆ with eigenvalue λ > 0, then every warped product N 1 × f N 2 never admits a minimal immersion into any Riemannian manifold with non-positive sectional curvature.
Corollary 5.5. Let N 1 be a compact Riemannian manifold. Then we have:
(1) every warped product N 1 × f N 2 never admits a minimal immersion into any Riemannian manifold of negative sectional curvature; (2) every warped product N 1 × f N 2 never admits any minimal immersion into any Euclidean space.
Applications to theory of submersions.
A Riemannian submersion π : M → B is called trivial if it is a direct product of a fiber and the base manifold B. Two applications of δ-invariants to the theory of submersions are the following. Theorem 5.12. Every warped product N 1 × f N 2 with harmonic warping function cannot be realized as an elliptic proper affine hypersphere in R n+1 .
5.9.
Links between submersions and affine hypersurfaces. By applying an affine δ-invariant, we discovered the following links between theory of Riemannian submersions and affine differential geometry.
Theorem 5.13. If a Riemannian manifold M can be realized as an elliptic proper centroaffine hypersphere centered at the origin in some affine space, then every Riemannian submersion π : M → B with minimal fibers has non-totally geodesic horizontal distribution.
Theorem 5.14. If a Riemannian manifold M can be realized as an improper hypersphere in an affine space, then every Riemannian submersion π : M → B with non-totally geodesic minimal fibers has non-totally geodesic horizontal distribution.
5.10. Applications to symplectic geometry. An application of δ-invariants to Lagrangian submanifolds is to provide a sharp solution to Problem 2.
Theorem 5.15. Let M be a compact Riemannian n-manifold with null first Betti number b 1 (M ) or finite fundamental group π 1 (M ). If there exists a k-tuple (n 1 , . . . , n k ) ∈ S(n) such that δ(n 1 , . . . , n k ) > 0, then M never admits a Lagrangian isometric immersion into C n .
Remark 5.2. The assumption on δ(n 1 , . . . , n k ) in Theorem 5.15 is sharp. This can be seen as follows: Consider the Whitney sphere W n defined by the Whitney immersion w : S n → C n :
This immersion is Lagrangian with a unique selfintersection point at w(−1, 0, . . . , 0) = w(1, 0, . . . , 0). For each k-tuple (n 1 , . . . , n k ), we have δ(n 1 , . . . , n k ) 0 with respect to the induced metric via w. Moreover, we have δ(n 1 , . . . , n k ) = 0 only at the unique point of self-intersection. Furthermore, the assumption of #π 1 (M ) < ∞ or b 1 (M ) = 0 is necessary for n 3 (see [8] ).
The proof of Theorem 5.15 is based on the next result.
Theorem 5.16. Let M be a Lagrangian submanifold of a complex space form M n (4c). Then for each k-tuple (n 1 , . . . , n k ) ∈ S(n) we have
We have the following result from [6] for Lagrangian submanifolds satisfying the equality of (5.7); extending a result of [11] on δ(2)-ideal Lagrangian submanifolds.
Theorem 5.17. If a Lagrangian submanifold of a complex space form satisfies the equality case of (5.7) at a point, then it is minimal at that point.
Two recent optimal inequalities involving δ-invariants for Lagrangian submanifolds
In view of Theorem 5.17, it is very natural to look for optimal inequalities for non-minimal Lagrangian submanifolds in complex space forms.
Case I:
k i=1 n i < n. Recently, joint with F. Dillen, J. Van der Veken and L. Vrancken, we improve inequality (5.7) in [9, 12] to the following inequality for k i=1 n i < n (see also [10] ). Theorem 6.1. If M is a Lagrangian submanifold of a complex space form M n (4c), then for a k-tuple (n 1 , . . . , n k ) ∈ S(n) with k i=1 n i < n we have
The equality sign of (6.1) holds at a point p ∈ M if and only if there exists an orthonormal basis {e 1 , . . . , e n } at p such that with respect to this basis the second fundamental form h takes the following form:
h(e αi , e αj ) = 0, i = j, h(e αi , e µ+1 ) = 3λ 2 + ni Je αi , h(e αi , e u ) = 0, h(e µ+1 , e µ+1 ) = 3λJe µ+1 , h(e µ+1 , e u ) = λJe u , h(e u , e v ) = λδ uv Je µ+1 , for 1 i, j k; µ + 2 u, v n and λ = In [12] we also proved the following. Theorem 6.2. For every k-tuple (n 1 , . . . , n k ) ∈ S(n), there exists a nonminimal Lagrangian submanifold which satisfies the equality case of (6.1). Theorem 6.2 shows that inequality (6.1) cannot be improved further.
Case II:
k i=1 n i = n. For this case we prove the following inequality with different coefficient in [12] . Theorem 6.3. Let M be a Lagrangian submanifold of a complex space form M n (4c). Then for each (n 1 , . . . , n k ) ∈ S(n) with k i=1 n i = n we have
where we assume that n 1 = min n i=1 {n i }. If the equality sign of (6.3) holds at a point p ∈ M , the components of the second fundamental form with respect to some suitable orthonormal basis {e 1 , . . . , e n } for T p M satisfy the following conditions: The following theorem from [12] implies that inequality (6.3) is sharp.
Theorem 6.4. For each k-tuple (n 1 . . . . , n k ) ∈ S(n) with k i=1 n i = n, there exists a Lagrangian submanifold in M n (4c) satisfying the equality of the improved inequality (6.3) identically.
This result implies that inequality (6.3) cannot be improved further as well.
Remark 6.3. Lagrangian submanifolds of complex space forms satisfying some special cases of the improved inequalities (6.1) and (6.3) have been investigated and classified recently in [1, 2, 8, 9, 12, 13, 14, 15, 16] .
